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Second-Harmonic Generation from Hyperbolic Plasmonic
Nanorod Metamaterial Slab
Giuseppe Marino,* Paulina Segovia, Alexey V. Krasavin, Pavel Ginzburg, Nicolas Olivier,
Gregory A. Wurtz, and Anatoly V. Zayats
Hyperbolic plasmonic metamaterials provide numerous opportunities for
designing unusual linear and nonlinear optical properties. In this work,
second-harmonic generation in a hyperbolic metamaterial due to a
free-electron nonlinear response of a plasmonic component of the
metamaterial is studied. It is shown that owing to a rich modal structure of an
anisotropic plasmonic metamaterial slab, the overlap of fundamental and
second-harmonic modes results in the broadband enhancement of radiated
second-harmonic intensity by up to 2 orders of magnitude for TM- and
TE-polarized fundamental light, compared to a smooth Au ﬁlm under
TM-polarised illumination. Compared to the radiated second-harmonic
intensity from a bulk LiNbO3 nonlinear crystal of the same thickness, the
SHG intensity from a metamaterial slab may be up to 2 orders of magnitude
higher at the certain metamaterial resonances. The results open up
possibilities to design tuneable frequency-doubling integratable metamaterial
with the goal to overcome limitations associated with classical phase
matching conditions in thick nonlinear crystals.
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1. Introduction
Second-harmonic generation (SHG) is
used frequently in modern laser tech-
nologies and photonic applications.[1]
The main advantage of this frequency
doubling technique is the possibility of
coherent light generation at the wave-
lengths complementary to typical radia-
tive decay channels of a gainmedium and
metrology of ultrashort pulses.[2] SHG
implementations based on nonlinear op-
tical crystals are signiﬁcantly constrained
by phase matching conditions: funda-
mental and second-harmonic waves are
required to propagate in phase to obtain
optimum nonlinear energy conversion.[1]
The operational bandwidth for ultrashort
pulses is another limitation for frequency
conversion in bulk nonlinear crystals.[3]
To overcome these limitations and in-
crease integrability of nonlinear optical
components, various nonlinear nanostructured media have
been proposed for second-harmonic (SH) generation based
on nanoparticles, optical nanoantennas, and metamaterials.[4–7]
These approaches use the light conﬁnement and enhance-
ment in plasmonic (metallic) nanostructures to locally increase
the fundamental ﬁeld strength upon which SHG depends
quadratically.[1] In multi-resonant structures, SHG eﬀect can
be further enhanced with the additional resonant scattering
provided by the nanostructure at the SH frequency.[1,8,9] Thus,
conventional phase matching conditions can be replaced with
a modal overlap at the fundamental and SH frequencies in
the nanostructures.[4–7] In order to realise these conditions exper-
imentally, diverse geometries have been used such as a broad-
band optical nanoantennas,[6] a composite nanoparticle made of
a rod and a V-shaped nanoantenna,[5] nanoscale spirals,[10] and
split-ring resonator based metamaterials.[7]
In another approach to achieve broadband and alignment-
free phase-matching, the so-called ε-near-zero (ENZ) metama-
terials were proposed which by their nature achieve phase-
matching conditions due to the electrostatic character of the
second-harmonic ﬁeld inside the medium.[11] They however op-
erate only in a ﬁnite frequency range where the ENZ occurs, near
the eﬀective plasma frequency of a metamaterial.[12] Anisotropic
ENZ metamaterials also typically possess broadband hyperbolic
and elliptic dispersions allowing a rich structure of the supported
modes, including low and negative group velocity modes[12,13]
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which may be favourable for SHG enhancement. Such metama-
terials can be realised on a macroscopic scale using arrays of
aligned plasmonic nanorods so that the mode structure of the
metamaterial can be eﬃciently tuned by changing the nanorod
array geometrical parameters. In particular, Au nanorod based
metamaterials provide tuneable ENZ behaviour throughout both
the visible and near infrared spectral ranges via adjustment
of structural parameters.[14] While the centrosymmetric crys-
tal lattice of gold, limits the source of the second-order non-
linearity to the surface nonlinear contributions, the nanostruc-
tured geometry of the Au nanorod metamaterial may exploit a
large surface area with high ﬁeld conﬁnement to provide ef-
ﬁcient second-harmonic generation. Due to the fact that this
internal structure of the metamaterial and the local ﬁelds in-
side themetamaterial[15,16] are paramount for the description and
understanding of SHG processes, the eﬀective medium approx-
imation for the metamaterial description is not applicable for
modelling SHG processes and full-vectorial, microscopic consid-
erations should be employed.
In this paper, we study intrinsic second-harmonic generation
processes in plasmonic nanorod metamaterial slabs and show
its enhancement at multiple resonant wavelengths determined
by the mode structure of the metamaterial at both fundamen-
tal and second-harmonic frequencies. The perturbative hydrody-
namic approach for Au nonlinearity description in a broad spec-
tral range has been used and microscopic numerical simulations
of the near-ﬁeld and radiated SHG from ametamaterial slab have
been performed in both reﬂection and transmission. It is shown
that both transverse electric (TE) and transverse magnetic (TM)
modes of the planar waveguide formed by a metamaterial slab
provide eﬃcient SHG tuneable over the entire visible region of
the spectrum in both reﬂection and transmission, thus allowing
eﬃcient SHG for both polarizations of the fundamental light.
The SHG enhancement by several orders of magnitude is ob-
served when a modal overlap between the fundamental and sec-
ond harmonic frequencies takes place, emulating the so-called
double-resonant conditions.[4,17,18] By designing such plasmonic
nanorodmetamaterials, the enhancement of frequency doubling
eﬃciency can be achieved in a desired wavelength range, in the
same way as third-order nonlinearity has been designed,[19] or
similar to frequency-doubling phase-matched meta-reﬂectors in
the THz spectral range.[20,21] This further enables nanoscale opti-
cal tomography via optimisation of the far-ﬁeld second-harmonic
radiation patterns of a nano-objects embedded in a hyperbolic
metamaterial slab antenna.[22]
2. Modelling Approach
2.1. Metamaterial Slab Properties
The metamaterial studied here is formed by an assembly of
aligned metallic (Au) nanorods (12 nm radius, 300 nm length
and 60 nm period of a square lattice) hosted in an alumina ma-
trix (Figure 1). The optical properties of this uniaxial metama-
terial can be inferred from the local eﬀective medium theory
(EMT)[23] via the diagonal eﬀective permittivity tensor of the form
εˆe f f = [εe f fx , εe f fy = εe f fx , εe f fz ] (Figure 1). A TE-polarized incident
light with the electric ﬁeld normal to the nanorod axis always ex-
Figure 1. Eﬀective permittivity of the anisotropic nanorod metamaterial
based on a square array of Au nanorods (12 nm radius, 300 nm length
and 60 nm period) embedded in alumina (n = 1.6). Au permittivity has
been taken from Ref. [24].
periences positive eﬀective permittivity εe f fx,y . In contrast, a TM
polarized incident light, having an electric ﬁeld components both
along and normal to the nanorod axis will be governed by the
eﬀective permittivity components εe f fx,y and ε
e f f
z . In the former
case, themetamaterial behaves as a dielectric over the entire spec-
tral range investigated, while in the latter, the optical response
of the metamaterial transitions from an anisotropic dielectric
behaviour (εe f fx,y , ε
e f f
z > 0, elliptic dispersion) to a plasmonic-
like behaviour (εe f fx,y > 0, ε
e f f
z < 0, hyperbolic dispersion) pass-
ing through the ENZwavelength range at around a wavelength of
710 nm at whichRe(εe f fz ) = 0, determining the eﬀective plasma
frequency of metamaterial.[12] In the case of a relatively low ma-
terial losses, the optical properties of this type of metamateri-
als may also be inﬂuenced by the presence of a second TM po-
larised wave associated with the spatial dispersion of a compos-
ite medium,[13,16] further enriching the spectrum of supported
waveguided modes.[25]
The anisotropic metamaterial slab placed on a glass substrate
supports a set of TE and TM modes (Figure 2a and b). For inci-
dent angles lying within the light cone in air, these modes are the
cavity modes of the planar slab of the metamaterial. For larger
angles, the modes are accessible with the illumination through
the substrate and are leaky waveguided mode of the metamate-
rial slab.[12] In the frequency range above the eﬀective plasma fre-
quency of the metamaterial, both TE and TM modes are typical
modes of the anisotropic planar waveguide, if nonlocal eﬀects
are not important; below it, the metamaterial supports bulk plas-
mon polaritons,[12] and the TMmodes may have positive, vanish-
ingly small or negative group velocity. TE modes always behave
as modes of an anisotropic dielectric slab.
The EMT can reasonably well predict linear far-ﬁeld optical re-
sponse, however it cannot describe local near-ﬁelds in the vicinity
or inside the nanorod array,[15] which are responsible for SHG.
For this reason, in this work the use of the EMT is limited to
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Figure 2. a),b) Reﬂectance dispersion of the metamaterial slab as in Figure 1 for a) TE and b) TM polarisations. c)–f) The spectra of the radiated
(far-ﬁeld) SH intensity for diﬀerent angles of incidence of the fundamental light: c),d) reﬂected and e),f) transmitted SHG signal for c),e) TE-polarised
and d),f) TM-polarised fundamental light. SHG is always TM-polarised. The eﬀective plasma frequency of the metamaterial at the fundamental and SH
wavelengths, obtained from the EMT,[23] is shown with the horizontal dashed and solid lines, respectively. The light line in air is shown with a white
dashed line. Low SHG intensity near the normal incidence excitation is related to the symmetry consideration of far-ﬁeld SHG. Transmitted SH light is
generated even under the excitation in the total-internal reﬂection conﬁguration due to the presence of the metamaterial slab modes (Fabry-Perot type)
at the SH wavelength coupled to light in a superstrate (air). The SHG model used for the simulations (Equation (1)) considers only the free-electron
contribution to the second-order nonlinear susceptibility and is valid for the frequencies away from the interband transitions in Au (photon energies
smaller than approximately 2.5 eV).
model the linear response at both fundamental and SH frequen-
cies, while full-wave numerical simulations are used for the SHG
simulations: the microscopic sources calculated from the full-
wave solutions of the linear ﬁelds are necessary for a correct de-
scription of the SHG.
2.2. Modelling Second-Order Nonlinearity of Au Nanorods
Nonlinear polarization related to conduction electrons of noble
metals, such as gold and silver, is well described by the hydrody-
namic model.[26] The latter holds only for the spectral range well
below the plasma frequency away from the interband transitions
and Coulomb collisions, occurring at high and low frequencies,
respectively. Following Refs. [27–29], the contribution of both
conduction and bound electrons can be included in themodel via
a complex permittivity at both fundamental and SH frequencies,
while retaining only a free-electron contribution to the nonlinear
polarization.
Let us consider the classical hydrodynamic equation for
conduction electrons: m∗ dvdt + m∗v · ∇v = −e E − γ0m∗v −
eμ0v ∧ H, where v(r , t) = j (r , t)/en(r , t) is the electron veloc-
ity with j (r , t) and n(r , t) being the electron current density
and electron density, respectively. The equation includes a
convective term accounting for the acceleration of charges, a
linear term in the charge density, a viscosity term containing
the damping frequency γ0 of conduction electrons and, ﬁnally,
the Lorentz-force term. Nevertheless, additional terms such
us quantum pressure of electron gas, which may become
important for metallic nanostructures of smaller sizes,[10] are
not taken into account in this model.[28] Given the continuity
equation: n˙(r , t) = −(∇ · j )/e , where j = P˙ , the hydrodynamic
equation can be written in terms of the polarization P . Thus,
adopting a perturbative methodology in the undepleted pump
approximation (the non-perturbative approach is described in
Ref. [30]), one can use the frequency domain approach to obtain
the polarization at the SH frequency, P (2ω), as a function of the
fundamental ﬁeld by collecting terms up to the second order:
P (2ω)S = 4πε0{βE (ω)∇ · [χ (ω)D E (ω)]+ ωp
2
ω2
β
4∇[E (ω) · E (ω)]}, where
β = e8πm∗ω2 [ ω
2
ωp2
]χ (ω)D [
(2ω)2
ωp2
]χ (2ω)D , χ
(ω)
D = ε(ω)D − 1 = − ωp
2
ω2+iγ0ω is the
Drude susceptibility, ωp is the plasma frequency of a metal, e and
m∗ are the electron charge and eﬀective mass, respectively, and
γ0 is the Drude damping. The parameter β accounts for electron
losses in the conduction band at both the fundamental and SH
frequencies via χ (ω)D and χ
(2ω)
D , respectively. The ﬁrst term in the
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nonlinear polarization, accounting for a dot product between the
electric ﬁeld and its divergence, is the quadrupole-like Coulomb
term, while the second term accounting for the gradient of the
square of the electric ﬁeld is produced by convective and Lorentz
forces. These terms have a δ-function-like behaviour at the metal
surface, thus the bulk contribution to second-order response
can be neglected. It is interesting to note that in the limit of a
free-electron gas when β = e8πm∗ω2 , the above polarization takes
the form reported in Ref. [26]. Finally, due to the continuity
of the electric displacement across the metal surface, we can
write the electric ﬁeld as a function of the spatially varying
complex permittivity of a metal, εr , considering both intraband
and interband transitions in the linear polarization, but only
free-electron contribution to nonlinear response. Thus, by
deﬁning a local coordinate system at each point of the nanorod
surface with unit vectors Zˆ and Xˆ orthogonal and tangential
to the surface, respectively, we can write the current density at
the nanorod surface, j (2ω)S , in terms of its local tangential and
orthogonal components:
⎧⎨
⎩
Zˆ · j (2ω)S = −2iωε0αχ (2ω)D
(
χ
(ω)
D
)2
[(εr + 3) /4] E (ω)S,Zˆ E
(ω)
S,Zˆ
Xˆ · j (2ω)S = −2iωε0αχ (2ω)D
(
χ
(ω)
D
)2
E (ω)
S,Xˆ
E (ω)
S,Zˆ
(1)
where α = 2eω2m∗ωp4 . It should be noted that the proportionality
between the current density and the electric ﬁeld contains the
susceptibility at the fundamental frequency taken twice and the
susceptibility at the SH frequency, as expected for a three-
wave interaction. The tangential term is derived only from the
quadrupole-like Coulomb term of the nonlinear polarization
equation. At the same time, the orthogonal term has, in addition,
contributions from the convective and Lorentz forces terms of the
nonlinear polarization equation. As a result, the former is contin-
uous at the surface, while the latter shows a surface discontinuity.
From this consideration, one can see that the orthogonal term,
Zˆ · j (2ω)S is dominant, which is in agreement with previously re-
ported results.[31,32] Only the orthogonal term is considered there-
after. Finally, it is important to underline that in the model above,
only the free-electron contribution to the nonlinear response is
taken into account and the model is valid for the photon energies
smaller than approximately 2.5 eV, where the interband transi-
tions in Au are less important.
2.3. Numerical Modelling
For the numerical simulations of the SHG emitted by the meta-
material, we used a frequency-domain ﬁnite element solver
(Comsol Multiphysics), in the framework of the undepleted
pump approximation described above. The model uses the Flo-
quet boundary conditions for a metamaterial square unit cell to
mimic a planar inﬁnite slab. Rounded tips of the nanorods have
been considered to avoid the computational complexity associ-
ated with sharp edges. The rounding procedure consists of a ge-
ometry with two hemispheres placed at the top and bottom of
each cylinder, having the same radius as the cylinder. The total
height of the meta-atom is Hcyl + 2r = 300 nm where Hcyl and r
are height and radius of the cylinder, respectively. The nonlinear
source was calculated by taking the electric ﬁeld just inside the
metal and place the polarization sheet just outside.[31] The model
has also been tested on Au nanoparticles such as nanospheres
and nanoprisms leading to a SH emission in agreement with Ref.
[33].
3. Metamaterial Slab Modes and Near-Field SHG
Angular and spectral dependences of reﬂected and transmitted
far-ﬁeld SHG excited by TE and TM polarized fundamental light
exhibit a complex structure of the enhanced and supressed SHG
(Figure 2c-f). The generated SH light is always TM-polarized.
Considering both linear reﬂectance and SH spectra either for TE
(Figure 2a, c and e) or TM incident polarization (Figure 2b, d and
f), it becomes clear that the slab modes are responsible for the
enhancement of the observed SHG. While for the far-ﬁeld radi-
ated SHG, the integration over the SHG propagation direction
smears out the contribution of individual modes, the analyses
of the near-ﬁeld SHG intensities allows one to unambiguously
identify the role of TM and TE modes of the metamaterial slab
(Figure 3a and b).
The individualmodes supported by themetamaterial slabwere
identiﬁed (Figure 3a and b) by comparing the numerically cal-
culated dispersion to the analytically evaluated mode structure
in the framework of the EMT.[12] A good agreement between
the simulated and analytical modes allows to label the observed
modes corresponding to the minima in the reﬂection dispersion.
For TE polarisation, a set of modes of the anisotropic dielectric
slab can be identiﬁed (denoted with En, where n is the mode in-
dex) in the dispersion plot (Figure 3a). For TM polarisation, bulk
plasmon polaritons are supported by themetamaterial slab (these
modes denoted with hn) at the frequencies below the eﬀective
plasma frequency (Figure 3b), while modes at higher frequen-
cies correspond to themodes of a conventional elliptic-dispersion
dielectric slab (denoted as en). One can observe the presence
of the numerically calculated modes occurring above the eﬀec-
tive plasma frequency (Figure 3b) with hyperbolic-like behaviour
which are related to the nonlocal response, not described by the
EMT.[13]
The analysis of the near-ﬁeld SHG spectra allows one to iden-
tify the SHG enhancement at the positions of the modes of the
metamaterial slab at either fundamental or SH frequencies (Fig-
ure 3d and f). The strongest SHG enhancement corresponds
however to an overlap of the modes at the fundamental and
second-harmonic frequencies. The spectral features of the far-
ﬁeld (Figure 2c and d) and near-ﬁeld (Figure 3d and f) SH spec-
tra are the same with maxima corresponding to the modes of
the metamaterial slab. The metamaterial slab modes identiﬁed
in the SHG spectral dependencies (red labels for either ellip-
tic or hyperbolic modes at the fundamental frequency, green la-
bels for hyperbolic SHG modes, due to the TM polarisation of
the generated SH light), unambiguously show the correspon-
dence of the mode position and the SHG enhancement in the
single-resonant (when either the fundamental or SH light is cou-
pled to the mode) and especially double-resonant (when both the
fundamental and SH light is coupled to the slab modes) condi-
tions. For angles of incidence of 30° and 48° and TE polarization
(Figure 3d), the double-resonant conditions for TE modes occur
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Figure 3. a) TE and b) TM reﬂectance dispersions of the metamaterial slab overlaid with the analytically simulated mode structure. The eﬀective bulk
plasma frequency of the metamaterial is shown with a horizontal line. c) TE and e) TM reﬂectance spectra for selected wavelengths with mode identi-
ﬁcation: En modes refer to modes allowed for ordinary polarization, en and hn modes refer to modes allowed in the elliptical and hyperbolic regimes,
respectively, for extraordinary polarization. d),f) Spectra of the near-ﬁeld SHG measured 5 nm below the metamaterial in a glass substrate for d) TE and
f) TM polarization of the fundamental light. SH light is TM polarized irrespectively of the fundamental light polarization. Red and green labels identify
modes at the fundamental and second-harmonic frequencies, respectively. The eﬀective plasma frequency of the metamaterial at the fundamental and
SH wavelengths is shown with the vertical dashed and solid lines, respectively.
primarily for the SHG in the short-wavelength spectral range;
e.g., the highest SHG eﬃciency is observed at 2.3 eV and 1.77
eV, respectively. High eﬃciency can be achieved for TMmodes in
theNIR spectral range for a broader range of incident angles (Fig-
ure 3f) due to the involvement of bulk plasmon-polaritons in the
hyperbolic spectral range with almost ﬂat dispersion; e.g., at 1.16
eV excitation, where the hyperbolic h1 mode at the fundamental
frequency overlaps with the E1 mode at the SH frequency. Thus,
strong SHG enhancement can be observed at multiple “double-
resonant” wavelengths allowing for eﬃcient SH generation at
multiple wavelength with the same metamaterial slab.
The ﬁeld conﬁnement near the nanorods forming the meta-
material, associated with the excitation of diﬀerent modes was
simulated and can be seen from the plotted polarisation distri-
butions: the stronger ﬁeld enhancement the higher the induced
SH polarization. For example, one can observe that the mode h1
at 1.16 eV (Figure 4d) yields the highest ﬁeld conﬁnement in the
proximity of the reﬂection interface of the metamaterial slab, fol-
lowed by the mode E1 at 0.89 eV (Figure 4a). In addition to the
mode spectral position, an overlap integral between the micro-
scopic polarizations at the fundamental and SH frequencies is
important to observe eﬃcient SHGenhancement.[7] For example,
the mode e1 (Figure 4e) exhibits highest ﬁeld conﬁnement in the
proximity of the interface of the metamaterial slab, followed by
the mode h3 (Figure 4b). The orthogonal to the surface compo-
nents of both the nonlinear polarization χ (2ω)⊥⊥⊥E
(ω)
⊥ (r , ω)E(ω)⊥ (r , ω)
and the SH ﬁeld distribution E(ω)⊥ (r , 2ω), together with their
complex scalar product describing both the overlap and phase
relations
χ
(2ω)
⊥⊥⊥E
(ω)
⊥ (r , ω) E(ω)⊥ (r , ω) E(ω)⊥ (r , 2ω) (2)
are plotted for the selected modes and both fundamental light
polarizations inFigure 5. The corresponding values of the relative
overlap, i.e., the magnitude of the vector sum over the nanorod
surface of the miscroscopic nonlinear sources in Equation (2),
are equal to approximately 2.6 × 10−10 and 3.1 × 10−10 for the
modes E1-h3 at 0.89 eV and h1-e1 at 1.16 eV, respectively. For
comparison, for the oﬀ-resonant excitation at 0.4 eV, the relative
overlap integral values aremuch smaller being 1× 10−12 for both
TE and TM fundamental light.
Interestingly, the relative overlap near the reﬂection interface
for the modes E1-h3 and h1-e1 are similar while the resulting
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Figure 4. Nonlinear polarization, ﬁelds and their overlaps on the surface of the nanorod in cylindrical co-ordinates (as shown in the insert in b). a),d)
Orthogonal to the nanorod surface (Pn) component of the nonlinear polarization (real part) for a) E1 and d) h1 modes induced by the TE and TM
polarized fundamental light at 0.89 eV and 1.16 eV, respectively. b),e) The electric ﬁeld distributions (real part) of the h3 and e1 modes at the SH
frequency (1.78 and 2.32 eV, respectively). c),f) Overlap (real part) between c) E1 and h3 modes and f) h1 and e1 modes. Fundamental light is incident
from the top at the angle of 60°.
reﬂected SHG intensities are signiﬁcantly diﬀerent with the in-
tensity for the modes E1-h3 being three times higher (Figure 2c
and d). This highlights the importance of additional consider-
ations of the mode properties. Firstly, both the high ﬁeld en-
hancement at the fundamental frequency in the proximity of the
interface of the metamaterial slab and high second-order sus-
ceptibility of Au for the fundamental light in the infrared spec-
tral region favor the respective modes for achieving strong
reﬂected SHG. Secondly, a strong ﬁeld enhancement at the SH
frequency near the interface, corresponding to the slab modes,
also enhances the near-ﬁeld and radiated SH. Not only the sym-
metry of the fundamental and SH ﬁeld distributions are impor-
tant to achieve a signiﬁcant overlap of the resonant ﬁelds, but also
the local overlap near the interface, responsible for the radiation
of SH light.
4. Radiated SH Spectra from the Metamaterial Slab
Both reﬂected and transmitted far-ﬁeld SHGhave comparable in-
tensities with the spectral dependences determined by the mode
structure of the slab (Figure 2c, d, e and f). In order to compare
this nonlinear metamaterial performance with other nonlinear
platforms, a SH conversion eﬃciency is deﬁned in a usual way
as η(2ω) = I (2ω)/(I (ω))2, where I (2ω) and I (ω) are the average inten-
sities of the radiated SH and incident fundamental ﬁelds. Amaxi-
mum conversion eﬃciency in the reﬂected far-ﬁeld SHGof about
2 × 10−7 W−1 is achieved under the TM polarized fundamental
light excitation at 1.16 eV at an incident angle of 60° in the sub-
strate; this is approximately 4 orders of magnitude higher than
for the TE polarized light at the same conditions. Interestingly,
for the same illumination conditions, at a fundamental frequency
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Figure 5. a) Far-ﬁeld reﬂected SH spectra from a smooth Au surface (red line) and the nanorod metamaterial (extracted from Figure 2c and d) for TE-
polarised (blue line) and TM-polarised (green line) fundamental light. b),c) The ratio of the SHG intensities reﬂected from the metamaterial for b) TM-
and c) TE-polarised excitation and a smooth Au surface for TM-polarised excitation. A dashed black line indicates a ratio equal 1. d) Linear reﬂectance
and e),f) comparison of the reﬂected SH spectra for TE e) and TM f) fundamental light from a 300 nm thick LiNbO3 crystal and the metamaterial
slab. The LiNbO3 permittivity has been taken from Ref. [40] and the bulk nonlinearities for a trigonal crystal of class 3m with d22, d31 and d33 nonzero
susceptibility components are taken from Ref. [41]. The angle of incidence is 60° in all cases.
of 0.89 eV, the TE-polarized excitation (conversion eﬃciency 6 ×
10−7 W−1) provides almost 5 orders of magnitudes higher SHG
than TM-polarized light. This strong wavelength and angular de-
pendences are a direct consequence of the mode structure of
the metamaterial slab and the internal structure of the nanorod
metamaterial, providing both signiﬁcant ﬁeld enhancement at
the mode frequencies[15] and large surface area (approximately 7
times larger than for a smooth Au ﬁlm). The internal structure of
the metamaterial composite generally favours the TE-mode exci-
tation which has a strong electric ﬁeld component normal to the
nanorod surface. These counterintuitive polarization properties
are similar to those observed in other metamaterials with strong
internal local ﬁelds.[34]
In order to benchmark the observed SHG intensities from
the metamaterial, the reﬂected-SHG spectrum excited with TM-
polarized fundamental light from a smooth Au surface has been
calculated using the same model for Au nonlinearity (Figure 5a).
The SHG from a smooth ﬁlm has a featureless wavelength de-
pendence with a dip at around 2.5 eV related to the interband
transitions in Au at the fundamental frequency.[35] A compari-
son with the metamaterial SHG intensities for TE and TM exci-
tations at an angle of incidence of 60° shows that the metama-
terial outperforms the Au ﬁlm in the resonant conditions by ap-
proximately two orders of magnitudes (Figure 5a, b and c). The
polarisation properties of this SHG are diﬀerent from a smooth
Au ﬁlm for which the SHG excited with the TM-polarised light is
always dominant.
For diﬀerent angles of incidence, there is a redistribution of
the peak intensities in the SHG spectra according to the disper-
sion of the involvedmodes of themetamaterial slab, but themax-
imum enhancement measured with respect to the smooth ﬁlm
remains in the same range. Moreover, strong radiated SHG is
also observed in transmission even for the excitation under to-
tal internal reﬂection (TIR) conditions as the dispersion of the
metamaterial slab has the modes at the SH frequencies outside
TIR range (Figure 2e and f). Please note that under the excita-
tion at normal incidence, low SHG intensities are observed for all
polarisation conﬁgurations (Figure 2c, d, e and f). due to the
symmetry breaking requirements for far-ﬁeld SHG[36,37] (these
requirements are not applicable in the near-ﬁeld region[38]). Sim-
ilarly, for a smooth Au ﬁlm under the illumination at normal inci-
dence, the simulated SHG is vanishingly small, within numerical
noise, as expected from symmetry considerations.
In order to further benchmark the observed SHG from meta-
materials, the reﬂected-SHG spectrum from the metamaterial
has been compared to the SHG from a bulk nonlinear crystal
LiNbO3 (Figure 5d, e and f), with the same thickness as the
metamaterial slab. Calculations are done following the same full
3D vectorial model used for the metamaterial and considering
bulk nonlinear sources for LiNbO3.[39] Reﬂectance from the thin
ﬁlm of LiNbO3 (Figure 5d) has the characteristic spectrum de-
termined by the thin ﬁlm interference.[42] Here, the angle of
incidence is above the critical angle of total internal reﬂection
for waveguided modes in the dielectric slab. As a consequence,
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the reﬂected-SHG spectrum from this nonlinear waveguide (Fig-
ure 5e and f) is enhanced in correspondence with the modal
structure at both fundamental and SH frequencies, outperform-
ing the SHG from Au metamaterial for TM-polarized excitation
(Figure 5f). For TE-polarized fundamental light in the near in-
frared spectral range, the SHG from the metamaterial can be up
to 2 orders of magnitude, in correspondence to the nonlinear res-
onance at a fundamental frequency of 0.89 eV (Figure 5e).
5. Conclusions
We have numerically studied SHG from an anisotropic hyper-
bolic metamaterial in diﬀerent polarisation conﬁgurations and
for diﬀerent angles of incidence. We have adopted a perturbative,
nondepleted pump approximation of the SHG description with
hydrodynamic nonlinearity of Au nanorod meta-atoms form-
ing the metamaterial and also taken into account the internal
structure of the metamaterial composite. The simulations show
strongly enhanced reﬂected SHG when both fundamental and
generated light is coupled to the modes of the metamaterial slab
and conﬁned in the proximity of the reﬂection interface, which
is facilitated by the modes dispersion in the hyperbolic regime.
Due to a rich spectrum of the modes supported by the hyperbolic
anisotropic slab waveguide, the enhanced SHG can be observed
in a broad spectral range. Due to the internal structure of the
metamaterial composite, the polarisation properties of the SHG
are diﬀerent from conventional smoothmetal ﬁlm, and TE-mode
excitation with the strong component normal to the nanorod sur-
face may dominate over TM-polarised excitation. By designing
the plasmonic nanorod metamaterials, the enhancement of fre-
quency doubling eﬃciency can be achieved in a desired wave-
length range by controlling the modal structure of the metama-
terial slab.
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